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Research Statement

Overview

Models of complex networks are used to predict the structure and evolution of real-world networks
such as the web graph, biological networks, and graphs of online social networks such as Facebook
or Twitter. Complex networks have four key properties: large scale, evolution over time, power
law degree distributions and the small world property [9]. Many disciplines use Structural Balance
Theory (SBT) to study social networks by balancing connections among triplets of nodes [11].
Representing adversarial relationships with (−) and friendly relationships with (+), triplets seek a
positive edge product, called closure.

Figure 1: Two examples of node triads that have closure

My previous work has considered models of complex networks that are generated using iterative
procedures focusing on transitive properties and vertex subsets of fixed size. Transitive properties
are well observed in social networks and provide a theoretical approach to ideas that “the enemy of
my enemy is my friend”. There are two existing models in the litterature that exhibit both of these
properties: the Iterated Local Transitivity (ILT) Model and the Iterated Local Anti-Transitivity
(ILAT) Model [6, 5]. The Iterated Local Model considers generating graphs using an input graph
and a binary sequence. At each time-step of the graph process, the sequence is considered and
either transitive or anti-transitive properties are used. This is a generalization of the ILT and ILAT
models.

Graph searching is the study and analysis of graph processes whose aim is to eliminate some
sort of intrusion in a network [2]. The game of Cops and Robbers is a well-studied instance of graph
searching, where there is a set of cops that attempts to capture a robber loose on the network [20].
There are various rules that govern the movement of players on the network. In the classic game of
Cops and Robbers, there is a single robber and a single cop, each of whom take turns moving along
a single edge from vertex-to-vertex [20, 22, 23]. By manipulating the conditions of movement or the
win conditions of the player, new variants of the game were studied [7, 21]. These new conditions
may arise from practical applications such as mobile computing [7].

Past Research

1. Iterated Local Model
The Iterated Local Model (ILM) is defined in the following way as illustrated in Figure 1 [4].

Given as input a graph G0 and an infinite binary sequence S, at time step t we add a clone x′ of
each node x ∈ V (Gt−1). If bt = 1 we take a transitive step and say the clone x′ is adjacent to x
and all its neighbours. If bt = 0 we take an anti-transitive step and say the clone x′ is adjacent to
everything except x and its neighbours. Formally, in time step t we add x′ for each x ∈ V (Gt) with

NGt(x
′) =


NGt−1 [x] = NGt−1(x) ∪ {x} bt = 1

V (Gt−1)\NGt−1 [x] bt = 0
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Figure 1: ILM example where G0 = K3 and S = (0, 1, 0, 1, 0 . . .) for t = 0, 1, 2, 3.

In this model, the evolution over time and the scale were naturally derived from the definition
of the model. To consider the small world properties, we focused on the clustering coefficient and
the diameter of the graph. The clustering coefficient of a graph is defined as follows.

C(G) =
1

|V (G)|


x∈V (G)

Cx(G), where Cx(G) =

E

G[NG(x)]



deg(x)

2



For the ILT model, the clustering is known and although it tends to zero, it does so more slowly
than the binomial random graph with the same average degree [5].

In contrast, the clustering coefficient for the ILAT model is still an open problem [6]. However,
for the ILM, since we can guarantee at least one transitive time step, we are able to bound the
clustering away from zero [4]. Whenever we have a sequence that has bounded gaps between 0
entries, for any t ≥ 0 we have that the clustering coefficient is

C(ILMt,S(G)) ≥ (1 + o(1))
1

22k+4
.

The study of this model continued into structural properties of the graph. Given certain condi-
tions, the diameter of the graphs will be exactly 3 [4]. After a few anti-transitive steps, the graphs
become hamiltonian. The chromatic number of these graphs also has interesting properties, in fact

χ(G) + t− 1 ≤ χ(ILMt,S(G)) ≤ χ(G) + t,

We also examined the spectral expansion of this graph to consider if it exhibits the same bad
expansion that is expected in social networks [13]. This model has left a few open problems that I
am already researching, and other questions that I hope to explore in the future

• This model generalized the ILT and ILAT models into a single model for graphs. An interesting
avenue which has been explored in the literature lately is hypergraph models. Consider then
generalizing the ILM to hypegraphs (in progress, details below).

• In the past, the models have relied on the structure of the previous iteration of the graph.
Consider all possible subsets of a given size rather than restricting to the neighbour sets (in
progress, details below).

• Rather than cloning vertices, consider cloning isolated subgraphs, such as paths or triangles.
Each time step would no longer be creating large independent sets. This would be a challenging
aspect to the clustering coefficient, as well as provide more interesting results in classic graph
theory parameters.
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2. Cops, Robbers, and Barricades
A long tradition in the study of Cops and Robbers is to examine variants of the game. There have

been many variants that give power to the cops such as tandem-win Cops and Robbers, distance
k Cops and Robbers, and photo radar Cops and Robbers [7]. There have also been some variants
that give power to the robber, such as Zombies and Survivors, and decoy Cops and Robbers, [7]. In
this variant, the robber is able to change the structure of the graph in each round of the game.

Cops, and Robbers, and Barricades, is a game played on a reflexive graph G. We have two
players: the set of cops, C, and the single robber R [19]. Analogous to the original game of cops
and robbers, in the initial round C places all the cops on some set on vertices of the graph, then R
places herself on a vertex. Each player then takes one turn in each round beginning with the cops,
each of whom simultaneously move from their current vertex to an adjacent vertex. Let b : N+ → N.
The robber, in round k, is allowed to move to any adjacent vertex or instead may build b(k) many
barricades. We define the barricade cop number of a graph, denote cB(G) to be the number of cops
needed to guarantee a win for the cops [19]. For many basic classes of graphs, the barricade cop
number is non-trivial. For instance, on paths, Pn and cycles Cn we have that

cB(Pn) =


n+ 1

6


and cB(Cn) =

n
6



An interesting result is the comparison of the barricade cop number to the cop number of trees.
In the classical game, trees are cop-win, that is exactly one cop can always capture the robber. For
a tree, T , with maximum degree m+1 and height h where the height is half the maximum distance
between all pairs of leaves.

cB(T ) ≤
c

i=0

m(c−i)(2m+4)+m+1 where c =


h−m− 3

2m+ 4



We define the barricade graph, Gk, as the graph G in round k where all vertices containing
barricades, call this set Bk ⊆ V (G) have been removed, that is Gk = G〈V (G)\Bk〉. We now provide
a characterization for barricade cop win graphs that is analogous to the Nowakowski and Winkler
characterization in the original game [20]. For any graph Gk we define the relation ≤r for each r ∈ N
on V (Gk) as follows

(1) x ≤0 y if and only if x = y
(2) For each r > 0, we say that x ≤r y if and only if, for all v ∈ N(x), there exists a u ∈ N(y)

such that v ≤q u for some q ≤ r
We notice there will be some minimum non-negative integer ρ such that ≤ρ=≤ρ+1. Then, we

have the following theorem for barricade cop win graphs. A graph G is barricade cop win if and only
if, given any sequence Bk, there is some vertex u ∈ NGk−1

(C) such that u is in the same component
of Gk as R for any k, such that u ≤rho R for some finite ρ.

Although this variant has many significant results, there are other variants and open problems
within the field of cops and robbers that I hope to address.

• This variant focused on providing the robber with a sequence. Here the sequence was a set of
vertices to delete. To consider a similar idea for the cops, consider providing the cop with a
sequence of integers where the cop must move exactly that distance at each turn. (in progress,
details below).
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• The variant above needed to balance the capture time with the number of cops, as can be seen
in the case of the paths and cycles. In the classic game, the idea of balancing capture time
with cop number is known a cop throttling and there are many open problems (in progress,
details below).

• Furthering the study of variants of Cops and Robbers, a new variant describes containing
the robber while the cops occupy edges rather than vertices. An interesting problem would
be to consider Meyniel extremal graphs in this case as well as to determine other Meyniel
style bounds [10]. This problem is joint work with Connor Mattes, CU Denver, beginning in
January 2020, and as such is not included below.

Current Research

Network Modelling
1. Iterated Global Model
Another model has considered examining subsets of the vertices as a basis for generating the

graph models. In the iterated global model, at each time step, vertices are added adjoining to
subsets of vertices. In particular, considering fractional subsets of the vertex set or constant sized
subsets. We begin with a graph G0 and a parameter k0 = k0(n0) where n0 = V (G0). At each time
step we create Gt+1 from Gt by the following algorithm: For each set of vertices of size kt, call it S,
add a new vS that dominates the set.

In this particular model, we use the same function of nt for each time step, although future
work could consider a function of both nt and t. That is, it would be possible to define a sequence
of functions that define the kt = kt(nt) for each t. The current research focuses on two models:
kt = ⌊ 1

k
nt⌋ and the kt constant model, with the former referred to as the kth-model, and the latter

the k-constant model. This is joint work with Anthony Bonato, Ryerson University, and Sean En-
glish, University of Illinois Urbana-Champaign.

2. Hypergraph Models
A hypergraph, H = {V (H), E(H)} is a graph where each edge contains a set of vertices, E(H) ⊆

P(V (H)). We say the size of an edge is the number of vertices contained in the edge. In simple
graphs, we must have that each edge has size two. In hypergraphs, we may have edges of any size.
We say a hypergraph is r-uniform when every edge contains exactly r vertices. Notice then, that a
2-uniform hypergraph is a graph.

Models of complex networks have often focused on simple graphs, but many applications have
rich information that is lost when reduced to two dimensions. Utilizing hypergaphs helps to maintain
much of the information that has been lost in previous applications. In 2009, Klamt, Haus and Theis,
used hypergraphs to generalized the modelling and analysis of biological networks [17]. Recently,
Greenhill et al., have begun studying random models of hypergraphs and their applications [15].

In the proposed model, we generalize the Iterative Local Transitivity model to hypergraphs. We
begin with a hypergraph, H0. To generateHt at each time step, we consider each vertex v ∈ V (Ht−1),
and create a new vertex v′. For each edge e containing v, we add the edge

e′ = {e ∪ v′}\{v}

For each complex network property, we explore the hypergraph analog, and subsequently discuss
the structural properties of the graph including the chromatic number. This is joint work with Sam
Spiro, University of California San Diego.
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3. Random Hypergraph Models
In this project, we consider three models of random hypergraphs to generalize the binomial

random graph model [12, 25]. Let H = (V,E) be a hypergraph with |V | = n and |E| = m. A
hypergraph generated by the model Hr(n, p) has n vertices and is r-uniform. Each of the possible
n
r


edges is present independently with probability p = p(n). A hypergraph generated by the

model H(n,m, d) has n vertices and m edges. Each vertex is in exactly d edges, chosen uniformly
from the possible m edges, independently of other vertices. A hypergraph generated by the model
H(n,m, p) has n vertices and m edges. For each pair v ∈ V, e ∈ E, we have v ∈ e with probability
p = p(n), independent of all other pairs. On each of these models, we aim to determine the multicolor
discrepancy.

First we define the classical discrepancy of a hypergraph, disc(G) := minφ disc(φ) where, for a
colouring φ : V → {−1, 1}

disc(φ) := max
e∈E

|φ(e)|

Discrepancy has been generalized to include multiple colors [18, 1]. We propose to generalize to
the set of colors as the roots of unity. This preserves the property that if we have an edge with all
colors appearing exactly once, that we will have a discrepancy in that edge of zero. Let ξj,k = e2πi·j/k

be a kth root of unity, which can be considered as the vector in R2 of length 1 and angle 2π · j/k.
Also, let Xk = {ξi,k : 0 ≤ i ≤ k − 1} be the set of all kth roots of unity.

This research began at the Graduate Research Workshop in Combinatorics 2019, and was pro-
posed by Calum MacRury, University of Toronto. This is joint work with Eric Culver, University
of Colorado Denver, Masoumeh Soleimani, Wesleyan University, and Puck Rombach, University of
Vermont.

Graph Searching
1. Cops and Robbers with Sequences and Automata
Cops and Robbers is a perfect information vertex-pursuit game on a graph. The two players,

the k cops and the robber, take turns moving along single edges with the cops trying to occupy the
same vertex as the robber, called capture, and the robber attempting to avoid capture indefinitely
[20]. We say that a graph is cop-win if a single cop is enough to eventually capture the robber, and
define c(G) to be the minimum number of cops necessary to ensure the cops can eventually capture
the robber on the graph G”[20].

We propose a new variant of Cops and Robbers, which uses a prescribed sequence to restrict the
movement of the cops. Given some infinite sequence S = (a0, a1, . . . ), we allow the cops to move
exactly a distance of ai in the ith round. This contrasts with existing variants where players can
move distance at most a fixed constant. All cops must move this precise distance each round. We
call this new variant S-Cops and Robbers. We define the S-cop number, written cS(G), to be the
number of cops needed to guarantee capture when playing S-Cops and Robbers.

For example, consider one cop moving on a path with the given sequence (1, 2, 1, 2, . . .). In
particular, the cop can move one step in even rounds (starting at 0) and two steps in odd rounds.
We simulate the gameplay in the following example on P5.

In fact, this variant results in a variety of movements that can create cyclical traps for the cop
and robber, wherein the cop will never capture the robber, but the robber will be forced to stay in
the cyclical moves indefinitely. We can model the game play with the use of automata [24, 16]. This
is joint work with Shayla Redlin, University of Waterloo.
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Figure 2: An example of S-Cops and Robbers on P5 with input sequence S = (1, 2, 1, 2, . . .).

2. Throttling
We denote the cop number of a graph G with c(G), and the domination number of the graph,

γ(G). Suppose we play with k cops where c(G) ≤ k ≤ γ(G). We define the capture time of G with
k cops, denoted captk(G), as the minimum number of time-steps required for k cops to capture the
robber, assuming that the robber plays optimally.

For a graph G, the cop throttling number of G is defined as follows:

thc(G) = min
k∈[n]

(k + captk(G))

In other words, the cop throttling number of a graph balances the payoff between having many
cops, and having a short game. Notice that if we play with γ(G) cops, the capture time on any
graph G will be 1. The throttling number will be γ(G)+1, which could be highly inefficient in some
cases.

Building on the previous work of Breen et. all from [8, 3], I propose to investigate the cop-
throlling number for the class of cop-win graphs. For further investigation, I also propose exploring
cop-throttling for random graphs. This is joint work with Jane Breen, University of Ontario Insti-
tute of Technology, K.E. Perry, Soka University of the Americas, and Sean English, University of
Illinois Urbana-Champaign.
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[12] P. Erdős, A. Rényi, On the evolution of random graphs, Publications of the Mathematical
Institute of the Hungarian Academy of Sciences 5 (1960) 17–61.

[13] E. Estrada, Spectral scaling and good expansion properties in complex networks, Europhys.
Lett. 73 (2006) 649–655.

[14] C. Greenhill, M. Dyer, A. Friez, On the chromatic number of a random hypergraph. Journal
of Combinatorial Theory Series B, 113:68-122, (2015).

[15] C. Greenhill, M. Isaev and B. McKay, Subgraph counts for dense random graphs with specified
degrees, Combinatorics, Probability and Computing arxiv:1801.09813 [math.CO] (to appear).

[16] S. Hedetniemi. Homomorphisms of graphs and automata, Technical Report, University of Michi-
gan, 03105-44-T (1966).

[17] Klamt S, Haus U-U, Theis F (2009) Hypergraphs and Cellular Networks. PLoS Comput Biol
5(5): e1000385. https://doi.org/10.1371/journal.pcbi.1000385

[18] S. Lovett, R. Meka. Constructive discrepancy minimization by walking on the edges. SIAM
Journal on Computing, 44(5): 1573-1582, (2015).



8 Erin Kathleen McKenna Meger

[19] E. Meger, Cops, Robbers, and Barricades, Ryerson University, Masters Thesis, (2016).

[20] R. Nowakowski, P. Winkler, Vertex-to-vertex Pursuit in a Graph, Discrete Mathematics 43
235-239 (1983).

[21] D. Offner, K. Ojakian, Variations of cops and robber on the hypercube, Australasian Journal
of Combinatorics 59 (2014) 229-250.

[22] A. Quilliot, Jeux et pointes fixes sur les graphes, Thèse de 3ème cycle, Université de Paris VI,
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